Abstract. Associated to a differential character is an integral cohomology class, referred to as the characteristic class, and a closed differential form, referred to as the curvature. The characteristic class and curvature are equal in de Rham cohomology, and this is encoded in a commutative square. In the Hopkins-Singer model, where differential characters are equivalence classes of differential cocycles, there is a natural notion of trivializing a differential cocycle. In this paper, we extend the notion of characteristic class, curvature, and de Rham class to trivializations of differential cocycles. These structures fit into a commutative square, and this square is a torsor for the commutative square associated to characters with degree one less. Under the correspondence between degree 2 differential cocycles and principal circle bundles with connection, we recover familiar structures associated to global sections.
Introduction
The differential cohomology groupsȞ k (M ; Z), defined for a smooth manifold M , are a hybrid of ordinary integral cohomology and differential forms. More precisely, there is a functorially defined commutative square
where Ω k (M ) Z are smooth forms with Z-periods, and H k (M ; R) Z ⊂ H k (M ; R) is the image of H k (M ; Z) → H k (M ; R). All four homomorphisms are surjective. To an element inȞ k (M ; Z), the induced elements in H k (M ; Z), Ω k (M ), and H k (M ; R) are referred to as the characteristic class, curvature, and de Rham class, respectively. While the characteristic class and curvature do not completely determine an element inȞ k (M ; Z), they provide a useful way of compartmentalizing the differential cohomology groups.
Cocycle models for differential cohomology allow one to define trivializations. This idea is not new; for example, Hopkins-Singer emphasize this point in [HS] , and trivializations play a fundamental role in Freed's paper [Fre] . While there are multiple notions of a trivialization, we consider the definition that generalizes the notion of trivializing a R/Z-bundle with connection by an arbitrary global section. More generally, a differential cocyclex, representing [x] ∈Ȟ k (M ; Z), will admit a trivialization if and only if the characteristic class in H k (M ; Z) vanishes. The goal of this paper is to extend the characteristic class, curvature, and de Rham class to trivializations of differential cocycles. This allows one to compartmentalize a trivialization into simpler objects, just as one can partially describe a differential cohomology class using the commutative square (1.1).
More concretely, letx ∈Ȟ k (M ; Z) be a differential cocycle admitting a trivialization. We let T geo (x) denote the category of trivializations ofx, and we let T geo (x) denote the set of isomorphism classes of trivializations. Both of these were previously defined in [HS] , but this notation was not used. The subscript "geo" is due to the fact that T geo (x) is like an affine version of differential 2010 Mathematics Subject Classification. Primary 53C08; Secondary 58J28. This work was partially supported by the NSF RTG Grant DMS-0739208.
characters. More precisely, T geo (x) is a torsor (principal homogeneous space) forȞ k−1 (M ; Z), and elements contain local geometric information.
Because the sets T geo (x) are torsors and not groups, they are intrinsically subtle. Furthermore, their definition involves the actual cocyclex as opposed to the differential character inȞ k (M ; Z). The motivation for this paper is to provide tools and language that allow one to describe classes in T geo (x) using simpler structures.
We define a category T top (x), whose isomorphism classes are denoted T top (x), along with sets T curv (x) and T dR (x). These sets are where the characteristic class, curvature, and de Rham class of a trivialization live. While the sets T geo (x) and T top (x) depend on the specific cocyclex, the sets T curv (x) and T dR (x) are defined using only the equivalence class [x] ∈Ȟ k (M ; Z). Elements of T curv (x) ⊂ Ω k−1 (M ) are differential forms that map to the character [x] under the natural homomorphism Ω k−1 (M ) →Ȟ k (M ; Z). Elements of T dR (x) are lifts of the differential character from Hom(Z k−1 (M ), R/Z) to Hom(Z k−1 (M ), R).
Our notation is justified by Theorem 3.15, which states that the sets T • (x) naturally fit into a commutative square that is a torsor for the fundamental square (1.1) associated toȞ k−1 (M ; Z).
In other words, the sets
, and there are natural surjective equivariant maps making the square on the left into a commutative square.
The paper is organized as follows. Section 2 contains standard background information on Cheeger-Simons differential characters and the Hopkins-Singer model for differential ordinary cohomology. The one part not already in the literature is the exact sequence for the change of coefficients in differential cohomology; it appears in Proposition 2.18 and (2.19). Section 3 is the heart of the paper. We define the the sets T • (x) and show they fit into a commutative square of torsors. Subsection 3.3 discusses exactly how the Hodge decomposition of forms fits into differential cohomology. On a closed manifold, a Riemannian metric induces a right inverse T curv (x) ← T dR (x) that is equivariant with respect to the usual right inverse Ω k−1 (M ) Z ← H k−1 (M ; R) Z given by projecting onto harmonic forms. However, we prove this cannot be refined to give a natural right inverse for the characteristic class or curvature map. Subsections 3.4 and 3.5 show that the sets T • (x) behave as expected with respect to products and integration. In Section 4, we consider the degree 2 case. When a cocyclex ∈Ȟ 2 (M ; Z) represents a principal R/Z-bundle with connection (P, Θ) π → M , the sets T • (x) naturally recover familiar structures associated to global sections of P . We should note that there exist different cocycle models for various differential cohomology theories. For example, Deligne-Beilinson cohomology [Bry] and Harvey-Lawson spark complexes [HL] give alternate constructions of the groupsȞ * (M ; Z). More generally, Hopkins-Singer define a differential refinement for any generalized cohomology theory [HS] . The commutative square of torsors, given by trivializations of a differential cocycle, generalizes to other cocycle models for differential cohomology theories. We hope to give a broad but concise account of this in the near future. In this paper, though, we discuss only one model so that the discussion remains both explicit and simple.
There are various reasons to consider trivializations of differential cocycles. Many geometric structures arising in theoretical physics can be described in terms of differential (generalized) cohomology or trivializations of differential cocycles. As explained in [Fre] , trivializations in differential ordinary cohomology are a natural generalization of abelian gauge fields in the presence of a magnetic current, and they often give a mathematical description of anomaly cancellation mechanisms.
In another example, trivializations play an important role in formulating T -duality within the context of twisted differential K-theory [KV] . Also, trivializations are useful when considering lifts of structure groups. On a SO-bundle with connection, lifts to a spin c -bundle with connection are equivalent to trivializations of a differential refinement of the W 3 characteristic class. Similarly, on a Spin-bundle with connection, one can formulate geometric string structures as trivializations of a cocycle for the characterp 1 2 . We discuss both these statements in [Red] , and this definition of geometric string structure was given in [Wal] using the language of bundle 2-gerbes.
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Review of differential cohomology
We always work in the category of smooth manifolds; objects are smooth manifolds and morphisms are smooth maps. We also work with the smooth singular chain and cochain complexes, C * (M ) and C * (M ; −), and we denote cycles and cocycles by Z * (M ) and Z * (M ; −). The bracket ·, · denotes the pairing between cochains and chains.
Let V be a finite-dimensional vector space, and Λ ⊂ V a completely disconnected subgroup; i.e. the only connected components of Λ are points. Define
We now introduce the differential (ordinary) cohomology groupsȞ k (M ; Λ). While there exist many different explicit models, they are all isomorphic, a fact proven elegantly in [SS] . We use only the models from Cheeger-Simons [CS] and Hopkins-Singer [HS] . The first, based on differential characters, is the most geometric and emphasizes the idea of holonomy. The second model, which is given as the cohomology of a cochain complex, allows us to define trivializations.
Definition 2.1 (Cheeger-Simons [CS] ). The group of differential characters of degree k, 1 with values in V /Λ, iš
.
Proposition 2.2 ([CS]
). The groupsȞ k (M ; Λ) fit into the commutative square
and these homomorphisms determine the short exact sequences
Here, A k (M ; Λ) is defined to be the the pullback in diagram (2.3). The induced homomorphism
, given by (2.4) and (2.5), equals minus the Bockstein homomorphism. The homomorphism
Remark 2.7. The notationȞ k (M ; Λ) may seem a bit confusing, since the definition involves both V and Λ. However, we view Λ not as an abstract group, but as a subgroup of a vector space V .
Remark 2.8. There is no real loss in the reader replacing V by R throughout this paper. While V = R and Λ = Z in most examples and in much of the cited literature, the definitions and properties easily generalize. The key property used is that when Λ is totally disconnected, the natural homomorphism
given by integrating and quotienting modulo Λ, is injective. This fact can be easily proven pointwise by integrating a k-form over an arbitrarily small disk.
Remark 2.9. One can also replace Λ ⊂ V by a totally disconnected subgroup of a Z-graded vector space Λ ⊂ V. This is useful when considering "Chern characters" in differential generalized cohomology. For example, the ordinary Chern character in K-theory can be refined to a natural transformationǨ
where
The homomorphismȞ
is given by the form ω in Definition 2.1. We call this form the curvature of χ, and we refer to the class in H k (M ; Λ) as the characteristic class of χ. Diagram 2.3 implies that the curvature equals the characteristic class in de Rham cohomology. We refer to the value χ, z as the holonomy of χ along z ∈ C k−1 (M ). This terminology is made particularly clear in the second example below.
Example 2.10. There is a canonical isomorphism
To a differential character given by a function f ∈ C ∞ (M, R/Z), the characteristic class is the homotopy class
and the curvature is the derivative df ∈ Ω 1 (M ).
Example 2.11. Let (P π → M, Θ) be a principal R/Z-bundle with connection Θ. The holonomy of Θ associates an element in R/Z to any closed loop in M . The holonomy is invariant under gauge transformations, inducing an isomorphism
The characteristic class of a degree 2 character is the cohomology class which classifies P , and the character's curvature equals the curvature dΘ of the connection. More generally,Ȟ 2 (M ; Λ) classifies principal V /Λ-bundles with connection when V /Λ is a Lie group. This fact is used in the discussion of T -duality in [KV] .
Remark 2.12. The Lie group isomorphism
gives an isomorphism betweenȞ 2 (M ; Z) and gauge equivalence classes of principal U (1)-bundles with connection on M . Under this isomorphism, the characteristic class equals minus the first Chern class, and the curvature equals minus the first Chern form. Because of this sign, and because the group structures inȞ 1 (M ; Z) andȞ 2 (M ; Z) are naturally written additively, it will be easier to work with principal R/Z-bundles.
While equating two bundles that are gauge equivalent makes many things simpler, one loses important information. For example, local cutting and gluing constructions can not be performed on isomorphism classes. This is due to the existence of non-trivial automorphisms. In general, one should consider the category of principal R/Z-bundles with connection on M , where the morphisms are bundle maps preserving connection.
For the same reasons, it is useful to consider a category of differential cocyclesȞ k (M ; Λ) whose set of equivalence classes π 0 Ȟk (M ; Λ) is canonically isomorphic to the groupsȞ k (M ; Λ). We choose to use the following cochain model, constructed by Hopkins-Singer. The categoryȞ 2 (M ; Z) is equivalent to the category of R/Z-bundles with connection on M , as loosely explained in Section 4.
Definition 2.13 ([HS]). The differential cochain complex {Č(n)
* (M ; Λ), d} is given by
Differential cocycles are cocycles in this complex, andȞ(n) k (M ; Λ) is the k-th cohomology; i.e.
One can check that for n = k, the cohomology groups of the differential cochain complex are naturally isomorphic to ordinary cohomology groups. When n = k, we obtain the differential cohomology groups:
Definition 2.15 ( [HS] ). The category of differential k-cocyclesȞ k (M ; Λ) is the fundamental groupoidȞ
In terms of objects and morphisms, this means
and we denote an objectx = (c, h, ω)
From the triplex = (c, h, ω), c determines the characteristic class, h determines the holonomy, and ω is the curvature.
To see this explicitly, a differential cocyclex is a triplě
In other words, c and ω are closed, and the choice of h specifies the equivalence [c] = [ω] ∈ H k (M ; V ) at the cochain level. One easily checks that the standard commutative square (2.3) is induced by the obvious maps below.
In the future, we will not distinguish betweenȞ(k)
V ) Λ appears frequently, it is worthwhile noting the following.
Lemma 2.16. There is a natural isomorphism
That V is torsion-free implies Ext(−, V ) = 0. Combining these facts with the universal coefficient theorem gives the following.
2.1. Change of coefficients. For spacing purposes, we use the notationȞ k (Λ) in this subsection to refer to the differential cohomology functor. In other words,Ȟ k (Λ) denotes the groupsȞ k (M ; Λ) that are functorially associated to M .
The short exact sequences
also give rise to the long exact sequences
where β is a Bockstein homomorphism.
The proof of Proposition 2.18 will follow in a moment. It is based on the homological algebra Lemma 2.21, whose proof is a diagram chase left to the reader. Before giving these details, we wish to highlight the case where Λ 1 = 0 and Λ 2 = Λ. From the long exact sequence
we obtain Ker i * = H k−1 (V ) Λ . Plugging into Proposition 2.18 gives the important exact sequence
Remark 2.20. In [CS] , it is claimed that
is exact, but Proposition 2.18 shows this is not correct. While there is a surjective homomorphism
, it can fail to be injective. When Λ 1 = 0 and Λ 2 = Z, the relevant map
Lemma 2.21. Assume the following vertical and horizontal sequences are exact.
Then, the sequences
Proof. The proof is a standard diagram chase and is left to the reader.
Proof of Proposition 2.18. The proof is a direct application of Lemma 2.21. The short exact sequence (2.4) produces the following exact sequences.
. . .
The first case of Lemma 2.21 then gives the exact sequence
Using the isomorphisms
, we arrive at the exact sequence
The short exact sequence (2.5) produces the following exact sequences.
The second case of Lemma 2.21 then gives the exact sequencě
Using the injective map
Trivializations in differential ordinary cohomology
We now discuss trivializations of cocycles in differential ordinary cohomology. Again, this idea is not new, and our treatment is heavily influenced by the papers [HS] and [Fre] . The goal is simply to generalize the fundamental commutative square (2.3) to trivializations.
3.1. Two settings for trivializations. In general, one can define trivializations whenever there is some notion of objects, morphisms, and a specified identity object. A trivialization is then a choice of isomorphism between an object and the identity object. In this paper, though, we will have one of the following two situations in mind.
Example 3.1. Let {C * , δ} be a cochain complex. Associated to any cocycle x ∈ Z k is the category of trivializations of x, denoted T(x). Succinctly, T(x) is the fundamental groupoid
is the pre-image of x under δ. In other words, the objects are cochains y ∈ C k−1 such that δy = x, and the morphisms are given by the additive action of C k−2 /δC k−3 . Such a trivialization exists precisely when x ∈ δC k−1 , which is equivalent to saying [x] = 0 ∈ H n (C * ). Assuming [x] = 0, the set of objects is a torsor over Z k−1 . Denoting the set of isomorphism classes by
Example 3.2. Let G 1 f → G 2 be a group homomorphism. Then, for g 2 ∈ G 2 , we define the set of trivializations of g 2 as the inverse image of g 2 under f ; i.e.
If g 2 ∈ Image f , then T (g 2 ) is a torsor for Ker f .
3.2. Trivializations of differential cocycles. As in Section 2, assume M is a smooth manifold, Λ ⊂ V is a totally disconnected subgroup of a vector space, andČ( * ) * (M ; Λ) is the bi-graded complex of differential cochains. 
. The set of equivalence classes is denoted
Let us briefly clarify the above definition. There is a natural equality
Ifx ∈Ž(k) k (M ; Λ), we can consider the category of trivializations using either {Č(k) * (M ; Λ)} or {Č(k − 1) * (M ; Λ)}. We choose the latter option. To better visualize this, we draw the bi-graded differential cochain complex. The region above the dotted line contains no differential forms.
A differential cocyclex ∈Ž(k) k (M ; Λ) naturally lives in the top row, but we define the trivializations using the second row.
Therefore, a trivialization ofx exists if and only if
. In particular, a trivialization ofx may exist when the form ω = 0. This is weaker than the condition [x] = 0 ∈Ȟ k (M ; Λ), which is the obstruction to trivializingx in the first rowČ(k) * (M ; Λ).
Remark 3.4. The category of trivializations defined using the complex {Č(k) * (M ; Λ)} is of relevance as well. Often these are referred to as geometric trivializations. In degree 2, this is the category which describes connection preserving isomorphisms of R/Z-bundles. To avoid confusion, we will not call objects in T geo (x) geometric trivializations. The subscript geo simply refers to the fact that the trivialization contains local geometric data and is non-canonically equivalent to differential character. Similarly, the subscripts top, curv, and dR should convey that these structures generalize the characteristic class, curvature, and de Rham class of a differential character. 
The equivalence classes are denoted
defined by (2.5). In other words,
and elements can be thought of as globally defined connection forms on M .
Definition 3.7. The set T dR (x) = T dR ([x]) is the pre-image of [x] in the homomorphism
defined by the inclusion 0 ֒→ Λ; i.e. elements are lifts of the character from V /Λ to V :
Remark 3.8. Plugging in Λ = 0 to the short exact sequence (2.5) gives a canonical isomorphism
Remark 3.10. We also consider the sets T curv (x) and T dR (x) as categories with no morphims other than the identity. Proof. The categories T geo (x) and T top (x) are defined using the general construction in Example 3.1. The relevant cochain complexes are
Therefore, T geo (x) is non-empty if and only if
where we use the isomorphism (2.14). If [c] = 0, then T geo (x) is a torsor foř
The second cochain complex immediately implies T top (x) is non-empty if and only if [c] = 0 ∈ H k (M ; Λ). If [c] = 0, then T top (x) is a torsor for H k−1 (M ; Λ). The sets T curv (x) and T dR (x) are defined using the general construction in Example 3.2, and we rewrite the relevant exact sequences (2.5) and (2.19):
Therefore, T curv (x) and T dR (x) are both non-empty precisely when the characteristic class
. Then, we have commutative diagrams of functors and sets
Proof. We first establish the maps at the level of objects.
be a trivialization ofx. Expanding the relation dš =x, we see
Let z ∈ Z k−1 (M ). The second equation (3.14), along with the facts that b(z) ∈ Λ and δk(z) = k(∂z) = 0, implies
Hence η is a global connection form forx; i.e. η ∈ T curv (x).
Given any η ∈ T curv (x), we define the class in T dR (x) ⊂Ȟ k (M ; 0) using the standard map Ω k−1 (M ) →Ȟ k (M ; 0) given by integration on closed cycles. The maps
obviously commute, and η → [x] ∈Ȟ k (M ; Λ). Therefore, the image of η inȞ k (M ; 0) is an element in T dR (x); integrating η lifts of the holonomy ofx from V /Λ to V .
Given
The commutativity of the square follows from equation (3.14). If z ∈ Z k−1 (M ), then
We now define and check the functor on morphisms.
The differential form component ofš 2 still equals η, so the map from T geo (x) → T curv (x) is well defined.
The functor T geo (x) → T top (x) is induced by the obvious map of cochain complexes; the morphism (a, l) is sent to a ∈ Hom Ttop(x) (b, b + δa). Finally, the morphism a in T top (x) does not change the resulting class in T dR (x) since
This completes the proof for the commutative diagram of functors. Taking isomorphism classes yields the commutative diagram of sets.
. Then, the commutative square on the left is a torsor for the standard commutative square on the right.
Consider the commutative square of functors from Proposition 3.12 at the level of objects, which we draw below on the left. By Proposition 3.11, it is clear that each space on the left is a torsor for the corresponding group in the square on the right.
We check that the action is equivariant at the level objects by drawing the action of a cocycle
The desired result follows by quotienting Ob T geo (x) and ObȞ k−1 (M ; Λ) by dČ(k−1) k−2 (M ; Λ), and quotienting Ob T top (x) and Z k−1 (M ; Λ) by dC k−2 (M ; Λ).
Remark 3.16. Note that the categories T geo (x) andȞ k−1 (M ; Λ) are non-canonically isomorphic. The choice of an object in T geo (x) determines such an isomorphism. In this sense, we can think of the category T geo (x) as being a torsor for the categoryȞ k−1 (M ; Λ). More precisely, the objects inȞ k−1 (M ; Λ) form an abelian group which acts freely and transitively on the objects in T geo (x), and both sets of morphisms are canonically equal toČ
The same statements hold for T top (x) and the category of singular cocycles H k−1 (M ; Λ).
Theorem 3.15 can be quite useful in practice. First, all maps are surjective. Second, the lack of injectivity is described explicitly by standard short exact sequences. For example, when
In this case, the equivariance in Theorem 3.15 implies that the natural map T geo (x) → T curv (x) is a bijection, so a trivialization ofx is completely determined (up to isomorphism) by a differential form.
We now discuss the dependance of the categories T geo (x) and T top (x) on the choice of cocyclex. In examples, one may have a canonical differential cohomology class, but not a canonical cocycle. For example, let G be a compact Lie group with λ ∈ H 2k (BG; Z). Associated to any principal G-bundle with connection (P, Θ) π → M is a canonical differential characterλ(P, Θ) ∈Ȟ 2k (M ; Z), but there is no canonical differential cocycle representingλ(P, Θ). In the Hopkins-Singer model, for example, one usually assumes a classifying map for P and a universal cocycle for λ.
Proposition 3.17. Letx andx + dy be isomorphic objects inȞ k (M ; Λ). Then, the morphism
and T top (x) → T top (x + dy) compatible with the maps in Proposition 3.12 and Theorem 3.15.
Proof. The functors are defined in the obvious way
It is straightforward to check compatibility with the characteristic cocycle, curvature, and de Rham maps.
In one sense, Proposition 3.17 says we can discuss trivializations of a differential cohomology class by simply picking a representing cocyclex ∈Ȟ k (M ; Λ). A different choicex ′ will give rise to an isomorphic category of trivializations. However, the isomorphism is not canonical! It depends ony ∈Č(k) k−1 (M ; Λ), as opposed to only dy. The automorphisms
will induce automorphisms of the resulting category T geo (x). One must be careful when performing cutting or pasting constructions, or when considering families of differential cohomology classes. On the other hand, these subtleties can be ignored when using the curvature and de Rham classes because the sets T curv (x) and T dR (x) only depend on the equivalence class [x] ∈Ȟ k (M ; Λ).
Differential characters with harmonic curvature were considered in [GM] , where they were referred to as harmonic Cheeger-Simons characters. Continuing this analogy, one can define harmonic trivializations as trivializations whose curvature η satisfies d * η = 0. For a degree k differential cocycle, the set (of isomorphism classes) of harmonic trivializations is a torsor for the harmonic characters of degree k − 1.
A natural question is whether the Hodge decomposition can be refined to give canonical right inversesȞ
It is worthwhile to point out that no such construction can exist, as we now explain. We restrict to the category of smooth closed Riemannian manifolds, where the morphisms are isometries (i.e. diffeomorphisms compatible with the Riemannian metric).
Proposition 3.19. If V = 0, any right splitting of the short exact sequences (2.4), (2.5), or (2.6) will not be functorial in the category of closed Riemannian manifolds.
Proof. To prove the non-existence, we construct an explicit counter-example. Since any V admits an inclusion R ֒→ V , we only need to check the case V = R.
For the short exact sequence (2.4), assume that we have some some construction
k be the k-dimensional torus with the flat metric induced from the Euclidean metric on R k , and with the standard coordinates {x i } inherited from R k . Let ω = dx 1 ∧ . . . ∧ dx k be the volume form (which is also harmonic), and let f a : T k → T k be an isometry given by translation in the first coordinate; i.e. f (x 1 , . . . ,
For a / ∈ Λ, it follows that f * a (χ ω ) = χ f * a ω . Hence, ω → χ ω is not functorial. Similarly, let [c] ∈ H k (T k ; Λ) be the standard generator. Since f a is homotopic to the identity map, then f *
is a differential character, with curvature ω, asociated to [c]. We do not need to assume that ω is the volume form. The same argument as above shows that f *
The above integral must be non-zero for some value of a, since
Therefore, f * a χ c = χ c = χ f * a c , and the right splitting of (2.5) cannot be functorial. Finally, the volume form
. We can combine the above two arguments to show that f * a χ c,ω = χ c,ω = χ f * a c,f * a ω for any construction A k (−; Λ) →Ȟ k (−; Λ). Therefore, (2.6) can not split naturally.
Corollary 3.20. There do not exist right inverses
that are natural with respect to Riemannian isometries when V = 0.
Proof. By the equivariance from Theorem 3.15, a right inverse
would induce a functorial splitting of the short exact sequence (2.4). But, this was proved to not exist in Proposition 3.19. For the same reasons, there can not exist functorial right inverses
3.4. Compatibility with products. There is a natural product inȞ * , and it is defined at the cochain level in [HS] . For Λ i ⊂ V i , the homomorphism
is defined by the formulǎ
, and B(•, •) is any natural chain homotopy between the cup product ∪ and the wedge product ∧. The product is a graded derivation at the level of cochains,
so it descends to a homomorphism
In general, this makesȞ * (M ; Λ) into a (left or right) module overȞ * (M ; Z). When V = R or C and Λ ⊂ V is a subring, this givesȞ * (M ; Λ) a graded commutative ring structure. For general Λ ⊂ V , the product
can be described using the isomorphismȞ
To an equivalence class of (k − 1)-forms [η 1 ] ∈Ȟ k1 (M ; 0), and a character χ 2 ∈Ȟ k2 (M ; Λ) with curvature ω 2 , the product is the equivalence class
It follows immediately that trivializations and the torsor square from Theorem 3.15 are compatible with the various natural product structures.
The characteristic cocycle ofš ·x 2 is b ∪ c 2 , the curvature is η ∧ ω 2 , and the de Rham class is given by the product (3.22).
Proof. Using equation (3.21) and the assumption that dš =x 1 , we have
The characteristic cocycle and curvature follow from the definition ofš ·x 2 . The de Rham class is the equivalence class of the curvature η ∧ ω 2 modulo dΩ k1+k2−2 (M ; V ), which is precisely the product (3.22).
3.5. Compatibility with integration. Hopkins-Singer also define the notion of anȞ-orientation for a smooth map f : X → B of relative dimension n. The details can be found in Sections 2.4 and 3.4 of [HS] , but it amounts to factoring f through an embedding X ֒→ B × R N and choosing a differential Thom cocycle for the normal bundle. Such a cocycle (with fiberwise compact support) U ∈Ȟ N −n c (ν; Z) is a differential refinement of a Thom class for the normal bundle ν → X. When f : X → B is a smooth fiber bundle whose fibers are diffeomorphic to a closed manifold M , an orientation and Riemannian metric on M define anȞ-orientation up to isomorphism.
Given anȞ-oriented map f : X → B, of relative dimension n, the usual pushforward construction in cohomology extends to the differential cochain complex, giving the homomorphismš Here, R N is defined using the slant product on singular cochains and integration on forms. The composition, in both the differential cochain and singular cochain complex, is referred to as integration and is denoted It is straightforward to check that trivializations behave well with respect to integration.
Proposition 3.29. Suppose that f : X → B is anȞ-oriented map of relative dimension n and whose fibers have no boundary. Ifx ∈Ȟ k (X; Λ) admits a trivialization, integration induces a functor X/B : T geo (x) −→ T geo ( X/Bx ) that is compatible with the various forms of integration. More precisely, the following diagram containing the two torsor squares commutes; the diagonal arrows are induced by the integrations (3.24), (3.25), (3.28), and the ordinary integration of differential forms.
Proof. The Stokes formula implies that if dš =x, then d X/Bš = X/Bx . If dy =š 2 −š 1 , then d X/By = X/Bš 2 − X/Bš 1 . Therefore, the integration in (3.24) induces a functor T geo (x) → T geo ( X/Bx ). The commutativity of the diagram is an immediate consequence of the the fact that integration in the differential cochain complex commutes with integration in the singular and de Rham complexes. Proof. For a 2 ∈ A 2 , choose some element a 1 ∈ α −1 (a 2 ) ⊂ A 1 . Define f 2 (a 2 ) := β (f 1 (a 1 )). This is well-defined since any other choice a ′ 1 = g 0 a 1 for a unique g 0 ∈ G 0 = Ker(G 1 → G 2 ), and β (f 1 (g 0 a 1 )) = β (g 0 f 1 (a 1 )) = β (f 1 (a 1 ) ) .
The G 2 -equivariance of f 2 follows by a similar argument. If g 1 → g 2 , then f 2 (g 2 a 2 ) = β(f 1 (g 1 a 1 )) = g 2 f 2 (a 2 ).
